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The Extended Czjzek Model (ECM) is applied to the distribution of NMR parameters of a simple glass model
(sodium metaphosphate, NaPO3) obtained by Molecular Dynamics (MD) simulations. Accurate NMR tensors,
Electric Field Gradient (EFG) and Chemical Shift Anisotropy (CSA), are calculated from Density Functional
Theory (DFT) within the well-established PAW/GIPAW framework. Theoretical results are compared to ex-
perimental high-resolution solid-state NMR data and are used to validate the considered structural model. The
distributions of the calculated coupling constant CQ ∝ |Vzz| and of the asymmetry parameter ηQ that characterize
the quadrupolar interaction are discussed in terms of structural considerations with the help of a simple point
charge model. Finally, the ECM analysis is shown to be relevant for studying the distribution of CSA tensor
parameters and gives new insight into the structural characterization of disordered systems by solid-state NMR.
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I. INTRODUCTION
It is generally accepted, since the early work of Zachari-
asen,1 that oxide glasses are built up from polyhedra ran-
domly organised in such a way however that the local short-
range order that prevails in the corresponding crystalline com-
pounds is preserved. This seminal model, named the Continu-
ous Random Network (CRN), evolved slightly with time and
was extended to covalent glasses such as amorphous silicon
(Refs. 2,3 and references therein). Its validity appears to be
reinforced by diffraction techniques from which radial distri-
bution function (RDF) can be determined and compared to
the radial distribution associated with the local arrangements
of polyhedra in a CRN model. However, conclusions about
the structures of amorphous materials are questionable when
they are obtained solely from pair correlations as they suf-
fer from a lack of uniqueness beyond very short range struc-
ture2. Other techniques that are more sensitive to topologi-
cal or medium-range order are needed to constrain structural
models as advocated very recently for amorphous silicon2,3.
Complementary techniques are then needed to provide addi-
tional input data which constrain models determined for in-
stance by Reverse Monte Carlo methods. Among the various
spectroscopic techniques that can be used (Raman, Infrared,
EXAFS for instance), Solid State Nuclear Magnetic Reso-
nance (NMR) spectroscopy can be seen as one of the most
promising tools to characterise oxide glass structure.
In solid-state NMR, the structural information is carried
by the different interactions, i.e. chemical shift, quadrupo-
lar, dipolar coupling, indirect spin-spin coupling, which are
deduced either directly by a one-dimensional experiment or
indirectly through the use of multiple-dimensional experi-
ments (homo and hetero-nuclear correlations). These inter-
actions being orientationally dependent, they often contribute
to a line-broadening of NMR spectra. All these interactions
can be described by tensors, i.e., chemical shift anisotropy
tensor (CSA), Electric Field Gradient tensor (EFG). If the
anisotropic parts of NMR interactions have been for a long
time considered as a major drawback for the NMR investi-
gation of solids, the development of Magic Angle Spinning
(MAS) technique has open new perspectives by significantly
improving the spectral resolution, especially for those nu-
clei with a spin half value (I = 1/2). For nuclei with higher
spin values (I > 1/2), which are subjected to the quadrupole
interaction, MAS technique alone is unable to average out
completely the quadrupolar interaction. Over the last twenty
years, several methods were proposed to get rid of the second-
order anisotropic quadrupolar interactions: Double Orien-
tation Rotation (DOR),4 Dynamic-Angle Spinning (DAS),5
Multiple-Quantum-MAS (MQMAS),6,7 or satellite-transition
MAS (STMAS).8 The most versatile and most widely used
MQMAS method is a high-resolution experiment designed
for half-integer quadrupolar nuclei and routinely used to aver-
age out the anisotropic second-order quadrupolar interactions
by correlating the multiple-quantum transitions with the sin-
gle quantum transitions. These methods, among others, allow
2nowadays the observation of many nuclei from the periodic
table and the characterisation of their anisotropic interaction
tensors.
In crystalline solids, the broadening of NMR spectra of
powdered samples is the result of different orientations of
the crystallites relative to the external field. In such a case,
the structural characterisation can be done without ambigu-
ity from the principal components of the tensors alone. In
the case of an amorphous system, the distribution of chemi-
cal environments results in an intrinsic distribution of all the
components of the interaction tensor. This additional distri-
bution is then responsible for the broadening of the spectra
observed experimentally in glasses. The challenging problem
in solid-state NMR analysis of disordered materials is to in-
terpret this spectral broadening in structural terms. First, the
extraction of NMR parameter distributions from NMR data
can be rather difficult. It is clear that the availability of ana-
lytical models can facilitate this task. Second, the relationhips
between NMR parameter distributions and the structural and
chemical disorder has to be established.
Structure elucidation by solid-state NMR suffers from a
fundamental drawback: the assignment of NMR spectra to
chemical environments is an indirect process. Thereby, ex-
cept for some cases where the chemical environments belong
clearly to very different families, the assignment needs a struc-
tural model to remove possible ambiguities. The development
of methods to calculate NMR parameters from the atomic-
scale during the last decade is this view as they allow the as-
signment of similar chemical environments and confirm the
sensibility of NMR parameters to structure. In particular, the
now routinely used DFT-PAW/GIPAW (Projector Augmented
Wave and Gauge Including Projector Augmented Wave re-
spectively)9,10 combined approach accounts very accurately
for the CSA and EFG tensors of a large amount of crystalline
organic11,12 or inorganic 10,13–16 compounds. However, this
theoretical approach to assign resonances is still an indirect
process. Indeed, for crystalline compounds, a known struc-
ture, deduced from diffraction techniques, is mandatory to be
used as an input in ab initio and DFT codes and to further be
compared to experimental NMR results. Similarly, for amor-
phous or disordered compounds, structural model must be
built to confirm the interpretation of NMR spectra. Recently,
the combination of molecular dynamics (MD) and solid-state
NMR has shown a great ability to interpret experimental spec-
tra and to propose structural glass models for different oxide
glasses 17–23. This approach has the advantage to give access
to the distributions of all the NMR interaction tensors (CSA,
EFG).
The case of EFG tensor distribution has been recently sub-
ject to some new considerations in the context of solid-state
NMR. Indeed, D’Espinose de Lacaillerie et al.24 examined
the fields of applications of the Czjzek model25,26, also called
Gaussian Isotropic Model (GIM) that is summarized in the
background section (Section II). The GIM is the first analyt-
ical model for the analysis of NMR lineshapes observed in
the MAS NMR spectra of quadrupolar nuclei in disordered
solids. Apart from its application in other spectroscopies (ex.
in Mössbauer spectroscopy Ref. 26,27 and references therein),
this model was successfully applied to the NMR study of
amorphous systems, to different nuclei such as aluminium-
2724,28,29, gallium-7130–33, arsenic-7532 and should be appli-
cable to other nuclei (sodium shows characteristic isotropic
distributions see ex. Fig. 2 of Ref. 34). In particular, this
model is able to describe the asymmetric broadening observed
at low chemical shift24,33. Since a quadrupolar nucleus in an
amorphous system presents also a distribution of the isotropic
chemical shift, the GIM gives the means to better separate and
quantify these two contributions within the resonance broad-
ening. However, the specific two hypotheses defining the GIM
(i.e., rotational invariance and central limit theorem)26,35 are
unable to provide structural considerations from the analysis
of the NMR lineshape distribution. As discussed by Le Caër
et al.,35 the GIM, which results in fine from the application of
a central limit theorem to the EFG tensor (section II B), can
thus be seen as a kind of “black hole” from which no informa-
tion about the specific structural features of the investigated
solid and about the physical origins of the EFG can come.
The introduction of the Extended Czjzek Model
(ECM),26,35,36 also summarized in Section II, is cur-
rently the simplest but useful way to generalise the GIM.
In a recent contribution, one of us showed that this ECM
could be seen as the introduction of physical (i.e., structural)
contribution to the GIM. Indeed, the ECM is intended to
mimic the EFG contribution of a well-defined neighbourhood
of a given atomic species modified by the effect of more re-
mote atomic shells. In practice, this well-defined first atomic
shell and the remote atomic shells are modelled by a fixed
“local” contribution and a distributed Czjzek contribution,
respectively. Therefore, depending on the relative weight
of the local contribution, the ECM is able to include some
direct structural effects in the Czjzek model. Indeed, for a
given EFG tensor, the relation between structural data and
the quadrupolar interaction can be easily determined from ab
initio calculations of the EFG24. Then, the observation of an
ECM distribution with a predominant local contribution can
be interpreted through structural considerations.
In this paper, we present a general approach to study the
EFG distribution of a simple glass model, namely the sodium
metaphosphate glass (NaPO3), generated by molecular dy-
namics (MD). In a previous work, the NMR signature of
the non-bridging oxygen (NBO) of this compound was in-
terpreted, to some extent, with a continuous random net-
work model37. Indeed, the observed small distribution of the
quadrupolar parameters, the mean value of which is compa-
rable to those observed in related crystalline compounds, was
interpreted as the conservation of the local structure. In addi-
tion, the large distribution of the isotropic chemical shift was
interpreted as the signature of long-range disorder. For bridg-
ing oxygens (BO), some correlation between the quadrupo-
lar parameters and simple structural properties appeared to be
close to those observed in silicates.38 This glass system can
thus be seen as a good candidate for the application of the
ECM to 17O environments. In a second step, the use of the
ECM to describe sodium NMR lineshapes will show the abil-
ity of such model to reveal a pure isotropic tensor distribution
as defined in the GIM.
3This paper is organised as follows. In section II, we recall
the basic characteristics of the distributions of the main EFG
parameters in the frame of the GIM and ECM. In Section III,
we present the methodology used to generate different config-
urations of the sodium metaphosphate glass and to calculate
the NMR parameters for all nuclei in the corresponding glass
structure. In section IV, the results are compared to experi-
mental 17O and 31P high-resolved NMR spectra to validate
the structural model. In the same section, we present a de-
tailed analysis of the calculated EFG distribution within the
ECM. In Section V, we analyse the distributions of the EFG
tensor parameters and their link with the structure of the glass.
In particular, we show that a simple point charge model analy-
sis is able to explain the distributions related to the EFG tensor
for the different sites. In Section VI, we introduce a prelimi-
nary application of the ECM to the distribution of the Chemi-
cal Shielding Anisotropy tensor.
II. DISTRIBUTION OF THE EFG TENSOR:
BACKGROUND
A. EFG related definitions
In solid-state NMR, the quadrupolar interaction is char-
acterised by two parameters: CQ and ηQ (respectively the
quadrupolar coupling constant, and the quadrupolar asymme-
try), which are both defined from the three principal compo-
nents of the diagonal EFG tensor (V), by the following rela-
tions:
CQ =
e|Q|
h |Vzz|, ηQ =
Vyy−Vxx
Vzz
(1)
where e is the elementary charge, h is the Planck’s constant,
Q is the quadrupolar moment and the principal components
Vii, (i = x,y,z) are sorted such that |Vzz| > |Vxx| > |Vyy|. In
the present work, we used Q = −25.58× 10−31m2 and Q =
100.54×10−31m2, for respectively the oxygen and the sodium
quadrupolar moment as tabulated by Pyykkö39.
Thereafter, we only consider the parameters Vzz and ηQ to
represent the principal components of the diagonal EFG ten-
sor. Even if NMR experiments at room temperature are unable
to provide the sign of the largest principal component40, it is
explicitly available by DFT calculations and is important to
characterize the distribution as demonstrated below.
The EFG tensor, whose components are vi, j with (i, j =
x,y,z), is usually not diagonal, and three others parameters
defining the orientation of the tensor in a fixed reference frame
are required. Consequently, the EFG tensor is completely de-
fined by five independent quantities as expected for a traceless
symmetric second-rank tensor. Following Czjzek et al.25, we
define five real parameters Ui from the Cartesian components
of the EFG tensor.
U1 = vzz/2,U2 =
vxz√
3
,U3 =
vyz√
3
,U4 =
vxy√
3
,U5 =
(vxx− vyy)
2
√
3
(2)
The five-dimensional vector U = (U1, . . . ,U5) constitutes a
random vector representative of the EFG tensor of an amor-
phous solid in the same fixed reference frame for all the sites.
The distribution of U fulfils a number of conditions for disor-
dered solids which are statistically invariant by any rotation.
This invariance does not imply any kind of local geometrical
symmetry. In other words, “statistical isotropy”, which is a
global property, and “geometrical anisotropy”, which is a lo-
cal property, are not contradictory characteristics and are most
often the rules for amorphous solids. Statistical isotropy sim-
ply means that the distribution of U remains unchanged when
any fixed, but arbitrary, frame of reference is chosen to calcu-
late the EFG’s of all atoms of the selected isotope. It implies
nothing about possible symmetries of local clusters centered
on these atoms. The essential conditions, which are needed in
the discussion of the results of the present article, are derived
by a simple method in Ref. 26. They are:
• The distribution of U is such that 〈Ui〉=0 and 〈UiU j〉=
σ2δi j with (i, j = 1, . . . ,5) where σ2 is the common vari-
ance of the five components of U. The latter conditions
are true for any distribution of U as soon as means and
variances do exist.
• The marginal distribution P(U1) is a priori asymmetric
and different from the marginal distributions P(Uk,k>1)
which are all identical and symmetric.
When structural models are available, theoretical distributions
P(Ui) can be used to check if the previous conditions of sta-
tistical isotropy hold or not. In addition, when the distribution
of U is multivariate Gaussian, as in the Czjzek model, then the
Ui are independent random variables and the five distributions
P(Ui) are identical Gaussians.
B. Gaussian Isotropic Model (Czjzek model)
The Czjzek model25 is used for the analysis of the
joint distribution of the components of the previous vector
P(U1, . . . ,U5) in the context of an isotropic distribution of
the EFG tensor. At the thermodynamic limit (i.e. an infinite
number of sites), or at least when the physics that determine
the distribution of the EFG tensor meets the quite general re-
quirements of the multidimensional central limit theorem, the
random variables Ui become independent and identically dis-
tributed according to a Gauss distribution with a zero mean.
With these two assumptions, the Czjzek model is summarised
by the following analytical expression for the bivariate distri-
bution P(Vzz,ηQ):
P(Vzz,ηQ) =
1
(2pi)1/2σ5
V 4zzηQ(1−η2Q/9)exp
(
− S
2
2σ2
)
(3)
where S is the norm of the tensor (S2 = V 2zz(1+
η2Q
3 )). This
model is fully defined by a single parameter, namely the stan-
dard deviation σ of the Gaussian distribution of every compo-
nent Ui. In this paper, we only consider some properties of
the marginal distributions f (ηQ) and f (Vzz). For further de-
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FIG. 1: Characteristic shapes of the marginal distributions of (a) ηQ and (b) Vzz/σ in case of a Czjzek distribution of the EFG tensor (GIM).
(a) The distribution f (ηQ) is independent of σ, the single free parameter of the bivariate distribution of Vzz and ηQ; the mean asymmetry
parameter is 0.6098 (b) The Vzz distribution is symmetric about zero. The ratio ρZ (see Eq. 7) is independent of sigma, being ∼ 0.32607.
scription of the GIM properties, the reader is referred to the
following articles (Refs. 24–26 and 35).
Figure 1 presents the characteristic shapes of the marginal
distributions f (ηQ) and f (Vzz) obtained from the distribu-
tion (3). These distributions have the following properties:
(A) the shape and the mean value of the f (ηQ) distribution
are independent of σ (Figure 1 (a)). The latter distribu-
tion is given by
f (ηQ) = 3ηQ
1− η
2
Q
9(
1+ η
2
Q
3
)5/2 (4)
(B) The marginal distribution f (Vzz) is symmetric about
zero (Figure 1 (b)) and f (Vzz) ∝ V 4zz for small values
of Vzz.
C. Extended Czjzek model
1. Model presentation
The Extended Czjzek Model (ECM) allows the introduction
of an anisotropic part in the total EFG tensor. In this model,
the total observed EFG tensor V(ε) is defined as the sum of
two distinct contributions as follows:
V(ε) = V0 +ρVGIM (5)
where V0 represents the local anisotropic tensor due to a close
neigbourhood of the considered atom and VGIM is the global
isotropic distribution modelled by a GIM tensor weighted by
a parameter ρ due to more remote atomic shells. The choice
of a Czjzek contribution to express the effect of noise is jus-
tified by the two very general assumptions, statistical isotropy
and gaussianity, which unavoidably lead to the Czjek model.
In Eq. 5 the tensor VGIM is obtained from a vector U (Eq. 2)
whose components are standard Gaussians with means equal
to zero and variances equal to 1. All tensors in Eq. 5 are ex-
pressed without loss of generality in the local frame of ref-
erence in which V0 is diagonal (see A and B ). Thus, the
distribution of V(ε) is not statistically isotropic. If needed ,
V(ε) can be transformed into a tensor V′(ε) which is statisti-
cally isotropic (A ). The tensors V(ε) and V′(ε) have identical
distributions of principal values (B). The distributions of the
components of V′0 are further discussed in B.
The total EFG tensor is now a function of ε, with ρ defined
by:
ρ = ε||V0||||VGIM|| (6)
which corresponds to the ratio of the norm of the different
contributions. This ε parameter permits to study the influence
of each contribution independently of the value of the fixed
tensor. The principal values of the fixed diagonal tensor V0
are fully characterized by Vzz(0) and ηQ(0). In summary, the
ECM is defined by three parameters: Vzz(0) and ηQ(0) for
the local contribution and ε for the weight of the noise in the
total EFG tensor. Hereafter, V0 will be consistently named the
“local” contribution to the EFG tensor V(ε) while the name
“noise” (or Czjzek or background ) will be used to designate
the second contribution.
The main simplification of the ECM is to consider that
ηQ(0) and Vzz(0) are not distributed, being the same for all
atoms of a given family. By family, we mean the set of all
local clusters, centered on atoms of a given species, which
can be put in coincidence by some rotation, within very small
atomic displacements (see sections 3 of Ref. 26 and 3.1 of
Ref. 35 ) This simplification aims at restricting the number of
free parameters to a minimum value while mimicking the es-
sential structural effects of the local atomic configurations. A
disordered solid, for which the ECM is relevant, does not nec-
essarily include a single family of sites. Many families may
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FIG. 2: Evolution of (a) the shape of the ηQ distribution, (b) the probability of occurrence of Vzz > 0 and (c) the parameter ρZ (relation 7)
as a function of the parameter ε of the ECM. The other ECM parameters are: ηQ(0)=0.2, Vzz(0)=1. The dashed lines represents (a) the ηQ
distribution and (b) the asymptotical values of P(Vzz > 0) and (c) ρZ for a Czjzek model.
be necessary to describe the whole set of sites occupied by a
given atomic species. A finite collection of extended Czjzek
families may be sufficient to describe the EFG properties of
some solids while others need to be described by a continuous
distribution of families ( Appendix B 3 ) .
2. ηQ and Vzz distributions within the ECM
We restrict the following discussion to the characteristics of
the distributions of ηQ and Vzz in the ECM model and we com-
pare them to the related distributions in the Czjzek model as
summarized by the previous points (A) and (B). For a detailed
description of all the ECM properties, the reader is referred to
Ref. 35.
Figure 2 (a) presents the evolution of the distribution f (ηQ)
of ηQ with ε for ηQ(0) = 0.2. For small values of ε (i.e. large
local contribution), the distribution of ηQ is narrow and con-
centrated around ηQ(0). For increasing ε (i.e. increase of
the global isotropic contribution) the distribution f (ηQ) con-
verges to the ηQ distribution of the Czjzek model (Eq. 4). For
all pairs (ηQ(0),ε), the f (ηQ) distribution is accurately ap-
proximated by a closed-form expression (Eq. 22 of Ref. 35).
For a given value of ε, the ηQ distributions allow a determina-
tion of the parameter ηQ(0) of the ECM.
Figure 2 (b,c) presents the evolution with ε of two charac-
teritics of the Vzz distributions. Figure 2 (b) presents the vari-
ation with ε of the probability of occurence of positive values
of Vzz ( i.e P(Vzz > 0)). A given probability p = max(P(Vzz >
0),P(Vzz < 0)), with 0.5≤ p ≤ 1 is not in a one-to-one corre-
spondence with ε (see for instance Fig. 6 of Ref. 35 ). It is thus
necessary to select another parameter for an unambiguous de-
termination of ε. A convenient parameter, which characterizes
the Vzz distribution while being scale independent, denoted ρZ ,
is defined as follows:
ρZ =
σ(|Vzz|)
〈|Vzz|〉 (7)
where σ(|Vzz|) and 〈|Vzz|〉 are respectively the standard devi-
ation and the average value of |Vzz| distribution. Figure 2 (c)
presents the evolution of ρZ with ε. The ratio ρZ is accurately
approximated the relation given in (i) below. The previous
ratio allows an unequivocal determination of ε.
We propose now a simple procedure to analyse, within the
ECM, a given distribution of Vzz and ηQ. Indeed, as on the one
hand the distribution of Vzz is practically independent of ηQ(0)
and depends largely on the Vzz(0) value and on the other hand
ε is completely defined from the Vzz distribution, only three
steps are needed to determine all the ECM parameters:
(i) ε is determined from ρZ using the expression (Eq. 20 of
Ref. 35)
ρZ = 0.32607(1− exp(−2.097ε1.151))
valid for any ηQ(0), where 0.32607 is the value for the
Czjzek model.
(ii) ηQ(0) is first determined from the ηQ distribution using
the approximation (Eq. 22 of Ref. 35)
f (ηQ) ∝ ηαQ exp(−kηβQ)+ (2−ηQ)α exp(−k(2−ηQ)β)
with 0 ≤ ηQ ≤ 1 and where k, α, β are tabulated in
Ref. 35 as a function of ε.
(iii) Using the previous parameters, |Vzz(0)| is finally well
6FIG. 3: (Color on-line) Schematic representation of the procedure
used to obtain one configuration of sodium metaphosphate glass.
From a well equilibrated trajectory at high temperature, the phos-
phate network is first quenched to a low temperature configuration.
Then, the same quench rate is applied to the sodium atoms in the
frozen phosphate “skeleton”. After a small equilibration trajectory at
low temperature on all atoms, the DFT total energy of the configura-
tion is minimised at 0 K. A total of 17 configurations were generated
by this procedure.
approximated by:
|Vzz(0)| ∝ 〈|Vzz|〉
√
1+ 〈ηQ〉2/3
τ(ε)
√
1+ηQ(0)2/3
where τ(ε) is a function given by Eq.15 of Ref. 35
The method described above involves only simple desk cal-
culations. We notice that the deconvolution program of solid-
state quadrupolar NMR spectra of Grimminck et al.41 uses a
more precise method based on the bivariate distribution of the
ECM expressed in the form of a triple integral.
III. THEORETICAL APPROACH
A. Sodium metaphosphate structural glass model
In the present work, we used a combination of classical
molecular dynamics (MD) simulations and DFT calculations
to generate a configuration manifold of the sodium metaphos-
phate glass system as schematized in Figure 3.
Basically, our approach is divided into two general steps:
(i) the quench from a high-temperature configuration to a low
temperature configuration using classical MD simulations and
(ii) the energy minimisation of the final configuration within
DFT (which can be seen as a quench to 0 K with infinite rate).
In other words, the first step allows a quick sampling of dif-
ferent configuration space basins by fast classical MD. The
second step allows to sample the “DFT local minima” of the
potential energy landscape42. This latter step is essential to
obtain accurate local geometries required to derive reliable
NMR parameters13. However, as the size of the system is
limited to about a hundred of atoms due to DFT-PAW/GIPAW
calculation time, more than one glass configuration is required
to correctly sample the different NMR tensor distributions.
Following the ergodic hypothesis, one can generate several
configurations to accurately sample the configuration space
to overcome this size limitation43. Configurations extracted
from low-temperature trajectories cannot be used in this aim
as at low temperature, the structural reorganisations are too
small and NMR parameters are limited to vibrational time av-
eraging44. Therefore, several quenches are needed.
As classical molecular dynamic simulations are based on
empirical potentials, it is important to carefully check its abil-
ity to generate reliable structures before DFT optimisation.
In case of oxide glasses, an important structural feature is
the coordination of the different polyhedra commonly repre-
sented within the Qn notation. For phosphates, n is the number
of phosphate linked to a given phosphate group with n ≤4.
Thereafter, we call “secondary structure” this coordination
structure property, opposed to “primary structure” (distances)
which can be determined by radial distribution function anal-
ysis. This secondary structure is hardly modified at the ab
initio step of our procedure, even if we consider an AIMD at
low temperature45. Indeed, the time scale currently available
by AIMD is too short to induce such structural rearrangement.
It is thus essential to correctly reproduce it at the classical MD
level.
Experimentaly it is known from 31P NMR that the binary
sodium metaphosphate glass ((Na2O)1/2)(P2O5)1/2) is only
composed by Q2 (e.g. infinite phosphates chains)46. It is also
known that the Na2O oxide play the role of network modi-
fier. Indeed, an excess or a default of Na2O oxide in sodium
metaphosphate glasses arises to respectively an increase of
Q1 or Q3 coordination47.
In a preliminary study, we observed that the classical force-
field chosen for this study (presented in next section) was
unable to reproduce the experimental phosphate network of
sodium metaphosphate, and this for any reachable order of
magnitude of the quenching rate. This behaviour is largely
dependent on the sodium charge involved in the long range
electrostatic term. Indeed, we observed that decreasing the
sodium charge leads to an increase of the Q2 concentration.
Surprisingly, the Q2 concentration reaches the experimentaly
expected concentration when no sodium atoms were added at
all. Consequently, we separated the classical molecular dy-
namics procedure into two steps, quenching first the phos-
phate network to obtain the correct Qn concentration and then
quenching the sodium cations in the fixed phosphate “skele-
ton”.
B. Force-Field and Thermal quenching procedure
Amorphous sodium metaphosphate configurations were
generated using the effective force field proposed by van
Beest, Kramer and van Santen (BKS)48,49. This force-field,
which is only based on two-body potential, is formalised by
the following equation:
Vαβ =
qαqβ
r
+Aαβexp(−
r
ραβ
)− Cαβ
r6
(8)
7Atomic pair Force-Field parameters
α−β Aαβ ραβ Cαβ qα (charge)
Na−O 354.22072 0.24186 0.0 qNa (+1)
P−O 903.4208 0.19264 1.98793 qP (+3.4)
O−O 138.8773 0.36232 17.50 qO (-1.2)
TABLE I: Force Field parameters used to generate MD trajectories
in the classical step of the procedure. This force-field was proposed
by van Beest, Kramer and van Santen (BKS)48,49 Units: energies are
given in J/mol , distances in Å and charges in atomic units.
where the first term is the electrostatic interaction with par-
tial charges qα. The following two terms correspond to the
Buckingham potential, which is composed by an exponen-
tial repulsive part and an r−6 attractive term. Table I sum-
marizes the values of the set of parameters (qα, Aαβ, ραβ and
Cαβ) used in the classical step of our procedure for each α,β
atomic pairs. The short-range part of the potential was trun-
cated at 6.1Å and Ewald sum method was used to deal with the
long-range electrostatic forces. The form A of NaPO3 crys-
talline compound50 was chosen as an initial configuration for
the MD simulation. We used a 2×2×1 super-cell containing
160 atoms (32 23Na, 32 31P and 96 17O sites) with cell pa-
rameters set to a = 12.20 Å, b = 12.48 Å and c = 14.07 Å to
match to the experimental density of the glass system with the
same stoichiometry (2.53 g/ml).
The configurations are obtained by quenching different
configurations extracted from a long well equilibrated high
temperature trajectory (∼1 ns at 3500K) to low temperature
configurations (300K). The classical quench was obtained by
20 temperature steps in NVE ensemble (equilibrating for 2
ps at each step). The former quench procedure corresponds
to a quenching rate of ∼4 K/ps. The chosen quench rate is
slow enough to reproduce final structures that provide NMR
parameters in reasonable agreement with experiments and
fast enough to be tractable in terms of computation time.
Classical trajectories were obtained using the academic code
DL_POLY51. Hundreds of configurations have been obtained
by this procedure. Then, the atomic positions were opti-
mised (e.g energy minimisation) with DFT calculations using
the VASP code (Vienna Ab-initio Simulation Package)52–55
These calculations were done at DFT-GGA (PW91)56–58 level
of theory using standard PAW59 to describe the electron-ion
interactions. Plane-wave basis cut-off was set to ∼ 44 Ry
(600eV) and only the Γ-point was used in the Brillouin inte-
gration. The geometry was considered as converged when the
forces acting on the atoms were below 0.01 eV/Å. This last
step of the procedure being more time consuming, only a lim-
ited number of configurations could be generated. We finally
generated 17 configurations of metaphosphate glass (NaPO3)
by this complete procedure giving us a statistical sampling of
544 sodium and phosphorus sites and 1632 oxygen sites.
MDa Neutronb this study
Atomic pair R (Å) R (Å) R (Å)
P−NBO 1.50 1.48 1.45
P−BO 1.59 1.61 1.65
P−P 3.18 2.93 2.95
O−O 2.51 2.52 2.55
Na−Na 3.10 3.07 3.35
Na−O 2.31 2.33 2.35
Coordination(%)
Q1 25 - 4
Q2 50 100c 92
Q3 25 - 4
afrom Ref. 60
bfrom Ref. 61
cby definition of the metaphosphate structure
TABLE II: A comparison between some structural properties of our
MD configurations and published data. (top) Position (R) of the first
peak of the radial distibution function. (bottom) Phosphate coordi-
nation (Qn) composition. Distances R are given with an uncertainty
of ± 0.02Å for the neutron study61 and of ± 0.025 for this work.
C. NMR tensor calculations
NMR tensor calculations were performed on the obtained
configurations using the PARATEC code at DFT level of the-
ory62,63. We used the PBE64 functional for the generalised
gradient approximation (GGA) of the exchange-correlation
functional. The potentials due to the ions are represented by
norm-conserving Troullier-Martins pseudo-potentials65. The
electronic configuration involved in the construction of the
pseudo-potentials for the different nuclei 23Na, 31P and17O are
respectively {2p2 2p6 3d0}, {3s2 2p1.8 3d0.2} and {2s2 2p3}
with respective core radii (in atomic unit) {1.8 1.49 1.8}, {2.0
2.0 2.0} and {1.45 1.45}
The electronic structure gives access to the EFG ten-
sor through the reconstruction of the all-electron wavefunc-
tion that is obtained with the PAW approach.10,66 The non-
diagonalised EFG tensor V is used to calculate the five real
components Ui (Eq. 2), whereas the principal components Vxx,
Vyy and Vzz of the diagonal tensor are used to calculate the
quadrupolar coupling constant CQ and the asymmetry param-
eter ηQ (defined by relation 1). However, as mentioned above,
Vzz will be used in the distribution analysis.
The calculation of the chemical shielding tensor was per-
formed using the linear-response method67 using the GIPAW
reconstruction developed by Pickard and Mauri9. Experi-
mental isotropic chemical shifts δcs and absolute isotropic
chemical shielding σ are related through the definition of an
isotropic reference shielding σre f defined by δcs =σre f −σ. In
the NMR community, it is commonly accepted to use a liquid
as an external chemical shift reference. In the present work,
we set the absolute chemical shift value to an unambiguous
isolated resonance of a crystalline site studied previously37.
For both EFG and CSA tensor calculations, we used an en-
ergy cutoff of 100 Ry, according to convergence tests previ-
ously performed on crystalline compounds37,68. Owing to the
8-200-1000100200
chemical shift (ppm)
Experiment
MD+DFT-GIPAW
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Q(2)
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Q(3)
FIG. 4: (Color on-line) Experimental and simulated 31P MAS spec-
trum of NaPO3 at 18.8 T (MAS frequency is 20kHz). The simulated
spectrum is obtained from DFT-GIPAW calculations on the MD con-
figurations. The experimental spectrum shows small signals at 0 ppm
assigned to Q1 sites revealing an excess in Na2O. (insert) Enlarged
view of the isotropic region of the spectrum centered on the Q2 re-
gion.
size of the unit cell, only one k-point was used for the integra-
tion of reciprocal space.
IV. RESULTS
A. Validation of the structural model
1. Local order and medium range order
Table II compares the short (i.e the position of the maxi-
mum of the first peak of the radial distribution function, R)
and medium range order parameters (relative concentration
of Qn) of the NaPO3 MD configurations obtained with the pro-
cedure described above. We also present a previous attempt
by Speghini et al.60 to reproduce sodium metaphosphate glass
structure from classical molecular dynamics. Experimental
neutron diffraction data from Pickup et al.61 are also included
for comparison. First, our glass model is seen to reproduce
accurately the local structure, as represented through simple
local geometrical parameters such as R. Our structural param-
eters are in better agreement with the experimental ones than
are those of Speghini et al. which were calculated only with a
classical procedure. This is essentially due to the ab initio step
in our calculation scheme. However, as discussed above, an
accurate structural glass model for phosphorous compounds
cannot be restricted to the sole aim of reproducing the local
structure. It should also describe the medium range structure.
Our procedure provides a way to keep the ratio of Q1 and
Q3 at a low level to fit the experimental data, whereas for
example, the relative concentration of Qn , is not accurately
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FIG. 5: (Color on-line) (left) Experimental and (right) theoreti-
cal 17O MQMAS (calculated using MD configurations). BO and
NBO oxygens are respectively represented in blue (top contour plots)
and red (bottom contour plots). Chemical Shift (CS) and Quadrupo-
lar Isotropic Shift (QIS) lines are represented by dashed lines.
reproduced in the work of Speghini et al. (see Table II).
2. Validation through 31P and 17O NMR
Figure 4 exhibits the experimental 31P MAS NMR spec-
trum of NaPO3 glass together with the one obtained from
DFT-PAW/GIPAW calculation of NMR chemical shifts. The
latter was obtained with 544 phosphorous sites. As expected,
the main contribution occurs around -20 ppm, a chemical shift
usually assigned to Q2 groups. The experimental spectrum
shows some very small resonances in the region of Q1 phos-
phorous, revealing a small excess of sodium in the chemical
composition as compared to the stoechiometric composition.
On the simulated spectrum, the small resonances around 0
ppm and -40 ppm are due respectively to the Q1 and Q3 coor-
dinations present in our statistical sampling. A close look at
the simulated spectrum additionally reveals an overestimation
of the 31P Q2 linewidth as well as a small shoulder around -30
ppm, revealing some limitations of our structural model.
Figure 5 compares experimental and simulated MQMAS
spectra of NaPO3 at 18.8T. It is important to recall that a
MQMAS spectrum of an amorphous material gives the means
to separate the chemical shift distribution from the distribu-
tion of quadrupolar parameters. Indeed, these distributions
lead to a broadening of the two-dimensional site along two
different axis, as evidenced in figure 5 (a). In the NBO re-
gion, we interpreted recently the broad distribution of chem-
ical shift as a consequence of long-range disorder in contrast
to the conservation of the local structure observed through the
small spreading along the quadrupolar distribution axis.37 The
NBO and BO sites are experimentally clearly separated by
their chemical shifts, quadrupolar coupling constants and to a
lesser extend by their asymmetry parameters.
The NBO sites present a broad distribution in chemical
shifts, which is well reproduced by the MD configurations
that permit to reproduce the resonance asymmetry observed
in the MAS dimension. On the other hand, for the BO, the
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FIG. 6: (Color on-line) Distributions of ηQ and Vzz of 17O NBO (top
and red) and of 17O BO (bottom and blue) for the MD configurations
compared with the ηQ and Vzz distributions obtained from the ECM
(black solid lines). The ηQ distribution obtained when distributing
the ECM parameter ηQ(0) according to a narrow Gaussian distri-
bution (σ2 = 0.006) is represented by the dashed line. The other
ECM parameters are: 17O NBO : ηQ(0) = 0.15, Vzz(0) = 0.853, ε =
0.093.17O BO: ηQ(0) = 0.43, Vzz(0) = 1.387, ε = 0.135.
line broadening in the MD spectrum reveals a broad distribu-
tion of chemical shift which seems to be overestimated with
respect to the one observed experimentally. Overall, the main
NMR parameters are well accounted for by the MD configu-
rations for both BO and NBO sites.
B. ECM analysis of the EFG distribution
Table III gathers results obtained from the previous MD cal-
culations and the ECM parameters deduced from the proce-
dure described in section II C 2.
Sodium atoms in our MD configurations have P(Vzz > 0)≈
P(Vzz < 0) as expected if the GIM holds. This suggests that
the EFG distribution of these sites is a Czjzek distribution.
However the ratio ρz (0.3487) is slightly larger than the Czjzek
value of 0.32607. This difference is probably non-significant
and related to the statistical fluctuations because of the low
number of sites used to calculate it. In any case, the ECM
analysis of sodium sites leads to the same parameters than
those of the Czjzek model.
The calculated EFG tensors of the oxygen atoms show a
clear difference between BO and NBO through the calculated
ECM parameters, Vzz(0) and ηQ(0), as expected from the MD
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FIG. 7: (Color on-line) Distributions of U1 and Uk,k>1 calculated
for (top and red) 17O NBO and (bottom and blue) 17O BO from the
MD configurations compared respectively to the "one point charge
model" and to the "two point charge model" (black solid lines).
The theoretical distributions are binned in the same way as the
experimental ones. The parameters used to obtain the theoretical
distributions (B 2 and B 1) of NBO and BO sites are respectively
β0 =Vzz(0)/2 = 0.425 , 0.695 and ηQ(0) = 0.15, 0.43 .
structures. The important element here is that oxygen sites
present only positive values of Vzz, differing strongly from the
essentially equal weights of the positive and negative parts of
the Vzz distribution which holds for the GIM. Furthermore, the
ε values which are found to be small, being 0.09 and 0.13 for
the NBO and BO, respectively, reflect a large local contribu-
tion in the ECM. Figure 6 presents the MD distributions of
ηQ and Vzz parameters compared to the corresponding ECM
distributions calculated with the parameters given in Table III.
Small deviations between MD distributions and ECM analy-
ses are observed for ηQ. This point will be addressed specif-
ically in the next section. Finally, it is worth noting that such
an overall agreement is obtained with a model based on three
parameters only (i.e Vzz(0), ηQ(0) and ε).
V. STRUCTURAL INTERPRETATION OF THE
DISTRIBUTIONS
The previous discussion concentrates on the distributions of
the principal values of the EFG as calculated from our struc-
tural models. In this section, we focus on the distributions of
the components of the EFG vector U (Eq. 2). These distribu-
tions are characterized and compared with some simple model
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MD Statistics ECM parameters
N sites P(Vzz > 0) ρz ε Vzz(0) ηQ(0)
23Na 544 ∼46% 0.349 - 0.148 -
17O NBO 1088 100% 0.041 0.093 0.853 0.15
17O BO 544 100% 0.061 0.135 1.387 0.43
TABLE III: Statistical properties of the MD configurations together with the ECM parameters obtained from the EFG distribution analysis.
(atomic units for EFG)
predictions for the oxygen and sodium sites.
A. The case of oxygen (17O)
The calculated EFG distribution can be explained in terms
of the local structural features of BO and NBO sites. Indeed,
the ECM analysis unveils the existence of a strong local con-
tribution, consistent with the small coordination number of
oxygen atoms. Intuitively, we understand that the electrostatic
field felt locally by oxygen atoms is principally due to the vari-
ation of charge density induced by the chemical bonds shared
with phosphorus. All other contributions can be considered as
small perturbations to this “localised” anisotropy in the charge
distribution. As a consequence, it makes sense to analyse the
calculated 17O EFG distribution with a simple model of effec-
tive point charges, as discussed for instance in Ref. 26. This
model describes the probability distribution of the EFG cre-
ated at the centre of a sphere by a random repartition of n
point charges on its surface. For this purpose, we analyse the
distribution of U, the vector whose components are related to
the elements of the EFG tensor through Eq. 2. In practice, the
discrete charge model is equivalent to the calculation of the
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FIG. 8: (Color on-line) Distributions of ηQ of 23Na in MD config-
urations for two different coordination numbers (N = 5,6). These
distributions are similar in shape to the Czjzek ηQ distribution (solid
line). A similar trend is found for the other coordination numbers
(N = 4 and 7) despite the limited number of atoms used to calculate
them. (∼ 50 sites).
five components of U by the following classical relations:
U1 =
1
2 ∑n (qn/r
3
n)(3cos2(θn)− 1)
U2 =
√
3∑
n
(qn/r3n)sin(θn)cos(θn)cos(φn)
U3 =
√
3∑
n
(qn/r3n)sin(θn)cos(θn)sin(φn) (9)
U4 =
√
3
2 ∑n (qn/r
3
n)sin2(θn)sin(2φn)
U5 =
√
3
2 ∑n (qn/r
3
n)sin2(θn)cos(2φn)
where qn and rn,θn,φn are respectively the charge and the po-
sitions in spherical coordinates of the nth point charge.
Le Caër and Brand used this simple problem to exemplify
the convergence of the distributions of the Ui’s (i = 1, . . . ,5)
to the GIM distributions, that is to identical Gaussian distribu-
tions with variance σ2, when the number n of point charges in-
creases. Numerical simulations were performed for n = 2,3,4
while the convergence to Gaussian distributions was proven
when n goes to infinity. Actually, the five distributions con-
verge rapidly to Gaussians which are excellent approxima-
tions for n larger than 4-5. The EFG distribution is then the
one predicted by the Czjzek model. As required by the statisti-
cal invariance by rotation of the previous point charge problem
(section II A and Ref. 26), the distribution of U1 is found to be
asymmetric while the distributions of the Uk,k>1 are identical
and symmetric.
Figure 7 gives the distributions of the Ui components (U1
and Uk,k>1) for the 17O sites (BO and NBO) encountered in
our NaPO3 glass model. These distributions are compared
to the discrete charge model described above. Using reduced
units (qn = rn = 1), a unique scaling factor is needed to match
the two distributions. The 17O sites are analysed with one or
two charges, in order to mimic either the single covalent bond
of NBO or the two covalent bonds of BO.
The distribution obtained from a single charge accounts
accurately for the distributions of the five Ui of NBO. A
first conclusion is that these distributions are fully consistent
with statitical isotropy of the EFG tensor as described in sec-
tion II A. Second, these distributions are not very sensitive to
a distribution of the scaling factor mentioned above. Indeed,
Gaussian or uniform distributions of this factor do not change
the central parts of the P(Uk) distributions (figure 7 top, see
further B 2 and figure 12). Further, P(U1) present a sharp
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peak on the left side as suggested by the distribution obtained
from the MD-DFT calculations (figure 7). It is important to
note that even if the marginal distributions P(Uk) are correctly
described by the previous model, the distribution of ηQ due
to the effect of a single charge is a delta peak at ηQ =0 in
contradiction with the calculated one (figure 6). Indeed, the
axial symmetry of the single point charge yields an asymme-
try parameter equal to zero. Therefore, it is necessary to add a
background to the EFG of this charge. Chosing a Czjzek EFG
tensor to account for this background and expressing the total
EFG tensor in the frame of reference of the EFG due to the
single charge yields the ECM (Eq. 5). It is still an ECM in the
presence of fluctuating scaling factors (see B). Moreover, the
Czjzek background leaves essentially unchanged the Ui distri-
butions. The latter have a rather limited discriminating power
and are less suited than the distribution of ηQ to evidence fine
effects. Slight changes of the EFG vector may have a weak in-
cidence on the U distributions while they may produce signif-
icant changes of ηQ which is a ratio formed from them. This
explains the higher sensitivity of the ηQ distribution. To sum-
marize, the distributions of the U1 and Uk,k>1 of the NBO are
largely defined by local structural parameters (i.e., the num-
ber of covalent bonds shared with the phosphorus) whereas
the distribution of the asymmetry parameter ηQ is influenced
by second or more remote coordination spheres.
For BO sites, the distributions of the Ui’s can be repro-
duced by a two-charge model, where both charges mimic
the anisotropy in the electronic structure produced by two
covalent bonds. The resulting distributions are strongly de-
pendent on the angle between the two charges and the cen-
tre of the sphere (i.e. angle POP). This strong dependence
of the EFG distribution on the POP angle is consitent with
a previous work of Clark et al.38 , revisited recently in a
MD+DFT-GIPAW approach19, who established a correlation
between the quadrupolar parameters and the Si−O−Si angle
of 17O BO, in silicate glasses. For the present two-charge
model, only three parameters are needed to define the EFG
tensor (five in the general case), correlating the principal com-
ponents of the tensor (Vzz and ηQ). The observed EFG distri-
butions can then be reduced to the distribution of two point
charges with an effective angle. The distribution of the BO
U1 and Uk,k>1 are well accounted for by the EFG due to two
charges with an angle deduced from the MD and DFT cal-
culations. As above, the distributions P(Uk) are fully consis-
tent with the requirements of statistical isotropy (section II A).
Distributions P(Uk,k>1) due to the effect of two charges mak-
ing an angle 2θ differ just a little from those obtained from
uniform distributions of the angle in domains [2θ1,2θ2] cen-
tered on 2θ with a width as large as 16˚. These angle dis-
tributions leave essentially unchanged the distribution P(U1)
(figure 7 bottom, see in addition B 1 and figure 11) except for
the sharp peak which becomes rounded off. The ability of the
P(Uk) distributions to evidence fine effects is again less than
it is for the ηQ distribution.
Finally, the analysis of the ECM distribution for the calcu-
lated 17O EFG parameters shows some limitations to perfectly
reproduce the ηQ distribution. This is partially due to the sim-
plified way of modeling the local contribution to the full EFG
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FIG. 9: (Color on-line) Distributions of U1 and of Uk,k>1 for the
CSA tensor calculated for 17O NBO (red) and 17O BO (blue) from
the MD configurations.
tensor by a single fixed tensor (Eq. 5). Indeed, by simply con-
sidering a narrow gaussian distribution of ηQ(0), it is possible
to reproduce the observed ηQ distribution (left top dash-line
Figure 6). This additional distribution of the anisotropic con-
tribution could be interpreted as a small structural distribution
of the local geometrical parameters (distances and angles).
In summary, the P(Uk) are fully consistent with the statis-
tical isotropy of the model glass. The modelling of the EFG
tensors in terms of the contribution of one or of two charges
with an additional Czjzek contribution from the background
corresponds to the ECM (Eq. 5) provided that the local frame
of reference is chosen to be the one associated with the single
charge or the doublet of charges. However, the previous ECM
distributions deduced from the MD+DFT calculated EFG pa-
rameters of 17O atoms do not account perfectly for their ηQ
distributions. This is partially due to a simplified modelling
of the local contribution to the total ECM (section II C 1). As
emphasized by Le Caër et al. in the conclusion of Ref. 35, a
first step to make the ECM more realistic is to distribute the
local contribution on a physical basis sound. Here, a narrow
gaussian distribution of ηQ(0) is indeed shown to suffice to
account for fine details of the ηQ distribution calculated from
the glass model as shown in figure 6 (dashed line, top left sub-
figure).
B. The case of sodium (23Na)
The ECM analysis of 23Na sites reveals a trend of the EFG
tensor of these nuclei to be distributed according to a Czjzek
model. This observation was expected when considering the
properties of a distributed point charge model as presented
previously. Indeed, a structural analysis of the MD model re-
veals that sodium atoms have a distributed coordination num-
ber which ranges between 4 and 8, with more than 80% of
them being 5- and 6-folded. For such coordinations, all the
EFG components of the discrete charge model are normally
distributed. Moreover, Figure 8 presents the distribution of
ηQ for two sodium coordination numbers, N = 5 and 6, from
our MD configurations. Both ηQ distributions show the gen-
eral features of the GIM. Other coordination numbers (N = 4
and 7) also show the same trend despite the small sample size
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FIG. 10: ∆CS and ηCS distributions of 23Na of the MD configurations. These two distributions are similar in shape to those of the related
Czjzek EFG distributions (see figure 1). The two parameters ∆CS and ηCS play respectively the roles of Vzz et ηQ.
(ca. 50 sites for each coordination). More generally, these
results confirm the statement that the GIM is valid when the
coordination number is at least equal to 4.24,26
VI. TOWARDS ECM ANALYSIS OF THE CSA TENSOR
Both the Czjzek model and the extended Czjzek model,
which are based on quite general assumptions, are not re-
stricted solely to the analysis of EFG tensors. Physical proper-
ties of statistically isotropic disordered solids which are repre-
sented in 3D space by symmetric second-rank tensors can be
analysed in a way similar to the one performed in the present
paper provided that the tensor elements are sums of various
contributions to which the central limit theorem may apply.
These physical properties may be measured or/and calculated
from structural models. This is for instance the case of the de-
viatoric part of the atomic level stress tensor (ALS) in metallic
glasses69,70 which was analyzed with a GIM in Ref. 71. The
trace of the stress tensor is the local pressure whose distri-
bution is approximately Gaussian69. Similarly, the extended
Czjzek model was applied to demagnetizing tensors to ac-
count for superparamagnetic resonance spectra of ferromag-
netic particles in a diamagnetic matrix72.
The Chemical Shielding Anisotropy (CSA) tensor is worth
being analyzed with the previous methods. In contrast to the
EFG tensor, the CSA tensor has an isotropic part (non-zero
trace) and is then completely determined by three parame-
ters instead of two (Vzz and ηQ) for the EFG tensor. Within
the Haeberlen convention, 73 we define the isotropic chemical
shielding (σiso), the reduced anisotropy (∆CS) and the asym-
metry parameter ηCS from the three principal components of
the CSA tensor (σii, i = 1,2,3).
σiso =
1
3(σ11 +σ22 +σ33) (10)
∆CS = σ33−σiso (11)
ηCS =
σ22−σ11
∆CS
(12)
where the components σii are sorted in the following way
|σ33−σiso|> |σ11−σiso|> |σ22−σiso|.
In the general case, the CSA tensor is completely character-
ized by six components. Five of them are defined by the five
real Ui components given by Eq. 2, substituting vαβ by σαβ.
The additional component, denoted as U0, corresponding to
the isotropic parameter of the CSA interaction, is expressed
by the following relation:
U0 =−(1/
√
3)[σ11 +σ22 +σ33] (13)
However, to preserve the conditions imposed by statistical
isotropy, the U1 component should be now defined by
U1 = (1/2)[σ33−σiso] (14)
To illustrate the similarity between the CSA and EFG dis-
tributions, we analyzed the distribution of Ui for the CSA ten-
sor of oxygen sites. The data were obtained from the DFT-
GIPAW calculation of the NaPO3 configurations generated
by MD. First, as expected, the distribution of U0 is well de-
scribed by a gaussian, centered around the chemical shielding
experimentally observed for both NBO and BO (not shown).
Figure 9 shows the Ui distributions for the two oxygen en-
vironments, namely BO and NBO. The distributions of U1,
for both oxygens, are asymmetric, as those observed for the
EFG. The distributions of the remaining components have a
symmetric shape which differs from a Gaussian. The distribu-
tions of figure 9 show clear similarities with those of figure 7.
These results lead to the conclusion that the 17O CSA dis-
tributions need more than the GIM to be described properly.
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Therefore, the ECM analysis can be used to characterize the
CSA distribution, revealing at the same time, the local struc-
tural information that is encoded into the anisotropic part of
this interaction.
Figure 10 presents the distributions of ηCS and ∆CS parame-
ters for sodium nuclei in our MD structural model. A Czjzek-
like feature is easily identified for the ηCS distribution, while
the ∆CS parameter presents an almost symmetrical distribution
about zero, and is close to the shape of the Vzz distribution in
the Czjzek model. Both results indicate clearly that the distri-
bution of the CSA tensor obeys the two general assumptions
which lead to the GIM.
VII. CONCLUSION
We applied a general multi-approach whose aim is to anal-
yse and to model the NMR tensor distribution in disordered
systems. This approach makes use of MD simulations and
DFT calculations of NMR properties (i.e Electric Field Gradi-
ent (EFG) and Chemical Shift Anisotropy (CSA)) to provide
both structural and NMR information. More important, this
combined approach yields the full distributions of the con-
sidered tensors which cannot be measured experimentally in
general. The distributions of the NMR interaction tensors are
analysed through two different models: the Gaussian Isotropic
Model (GIM) also known as the Czjzek model and an exten-
sion of it, the Extended Czjzek Model (ECM). We propose in
particular a simple procedure to extract the main parameters
of these models from a given tensor distribution.
We applied this procedure to a simple binary glass: the
sodium metaphosphate (NaPO3). Using the strong sensitiv-
ity of NMR to the structural atomic arrangement, we validated
the structural models generated by MD comparing the theoret-
ical NMR response to high-resolved Solid-State NMR exper-
iments. The ECM was used to analyse the calculated distribu-
tions of the EFG of the two quadrupolar nuclei present in this
system ( i.e 23Na and 17O). The ECM analysis reveals the vai-
lidity of the GIM in case of sodium, showing its broad appli-
cability. As discussed in previous studies, the universal nature
of such distributions (central limit theorem) makes the extrac-
tion of structural information very difficult. In case of oxy-
gen, the tensor distributions are shown to be dominated by a
large local contribution. A simple additional analysis based on
discrete charge distributions showed indeed that simple struc-
tural information might be extracted from the distribution of
the components Ui of the investigated tensors
Finally, from the simple observations made about the CSA
tensor distributions of 17O and 23Na nuclei, it is clear that CSA
and EFG tensors can be analysed with similar tools. In other
words, both GIM and ECM analyses might be useful and rel-
evant to discuss experimental and theoretical observations of
CSA distributions.
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Appendix A: Additional remarks on the ECM
All the ECM tensors V(ε) are expressed in a local frame
of reference which is chosen, without loss of generality, as
the one in which V0 is diagonal and changes from atom to
atom. By contrast, the distribution of the EFG tensor V′(ε)
(presented in B) of all “sites” belonging to the same family
is calculated in a fixed global frame of reference identical for
all atoms. It differs thus from the distribution of the tensor
V(ε) (Eq. 5). The spatial extent of a cluster around the con-
sidered atomic probe is expected to depend on the investigated
solid and on the physical origins of the EFG (ex: close neigh-
borhood for covalent glasses). The statistical isotropy of this
family would mean that the previous clusters have an overall
random orientation in the considered solid. This general prop-
erty holds for any geometrical characteristics of these clusters.
The only general a priori knowledge about the distribution of
V′(ε) at the cluster centers is that it depends on the invariants
of the EFG tensor when statistical isotropy holds (see equa-
tions 7,8 and 10 of Ref. 25 ). In addition, the associated distri-
butions P(U ′k) fulfill the conditions described in section II A.
To obtain the isotropic distribution of V′(ε) from Eq. 5 , it
would suffice to rotate the local frame of reference, defined
from V0, uniformly in all directions. The principal value dis-
tribution of V′(ε) is identical with the principal value distri-
bution of V(ε) as further discussed in B. Eq. 5 suffices thus
to derive the required information about the ηQ and Vzz distri-
butions of the associated statistically isotropic EFG. A conse-
quence of this choice is however that the distribution P(U′),
of U′(ε) the vector associated with V′(ε) (Eq. 2), cannot be
derived directly from Eq. 5.
Appendix B: Rotation of the ECM tensor
Consider a particular tensor V(ε) obtained by choosing at
random some VGIM tensor in Eq. 5, V(ε) = V0 +ρ(ε)VGIM,
where V0 is diagonal. The considered symmetric second-rank
tensor is transformed into a diagonal tensor VD(ε) by some
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FIG. 11: Distribution of U ′1 and of U ′k,k>1 obtained with β0 = 0.7
either with ηQ(0) = 3/7 (dotted lines) or with ηQ(0) uniformly dis-
tributed between 0.33 and 0.53 (solid lines). The distribution of
P(U ′1) with a fixed ηQ(0) is calculated from equations B6 and B7
while all the others distributions are calculated by Monte-Carlo sim-
ulations.
rotation whose associated (3x3) matrix is H0, in matrix nota-
tion:
VD(ε) = H0V(ε)H⊺0 (B1)
and thus, VD(ε) = H⊺0 V(ε)H0 , where H
⊺
0 is the transpose
of H0 (H0H⊺ =H⊺0 H0 = I). The tensor V(ε) is transformed by
a rotation H1 into a tensor V′(ε):
V′(ε) = H1V(ε)H⊺1 = H1H
⊺
0 VD(ε)H0H
⊺
1 (B2)
or equivalently:
V′(ε) = H2VD(ε)H⊺2 (B3)
where H2 = H1H⊺0 is a rotation matrix. The distribution of
H1 must be taken as uniform over the special orthogonal group
SO(3) to obtain a global statistical isotropy of the EFG tensor
V′(ε). The standard definition of uniformity requires the dis-
tribution of H1 to remain unchanged when composed with any
arbitrary rotation (Haar measure). Therefore, the distribution
of H2 is uniform too and the principal values of the tensors
V′(ε) and V(ε) coincide with the diagonal elements of VD(ε).
This line of reasoning can be applied to any tensor formed as
above from Eq. 5 . Thus, by construction, the global distri-
bution of the EFG tensor V′(ε) is statistically isotropic and
its principal value distribution is identical with that of V(ε).
Therefore, the knowledge of the a priori complicated distri-
bution of V′(ε) is useless when only principal values mat-
ter. Equation 5 suffices to provide the required information
about the ηQ and Vzz distributions of the associated statisti-
cally isotropic EFG tensor V′(ε). However, by this choice,
the distribution P(U′(ε)) cannot be derived without additional
calculations based on Eq. B3. Simplified examples are given
below to illustrate the need of more than a single family of
sites to account for the EFG distribution of some disordered
solids described by the ECM.
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FIG. 12: Distributions of U ′1 and of U ′k,k>1 obtained from rela-
tions B12 and B13. The distributions are calculated for (dashed line)
a fixed β0 = 0.4 and (full line) a β0 parameter uniformly distributed
between 0.35 and 0.45.
1. Uniform rotation
We consider the fixed diagonal part V0 of the ECM
model (Eq. 5) which is expressed in its system of princi-
pal axes. The associated vector U0 has therefore only two
non-zero components, namely U1(0) =Vzz(0)/2 and U5(0) =
ηQ(0)Vzz(0)/2
√
3 When the principal axis system is rotated
uniformly in all directions, the tensor V0 is transformed into
a tensor V′0 whose elements are consequently distributed.
By construction, the distribution of V′0 is then statistically
isotropic and the components of the associated vector U′0 have
marginal distributions which fulfill the conditions described in
section II A. The distributions P(U ′k(0)) can be obtained either
in closed form for k = 1 and for any k for ηQ(0) = 0 or by nu-
merical simulations for any k > 1 as soon as Vzz(0) and ηQ(0)
are known. These two parameters are obtained in the exam-
ples discussed below from simple physical models. This ap-
pendix aims to present the distribution of the first component
U ′1(0) of U
′
0.
After a rotation of the previous frame of reference by the
Euler angles α,β,γ, with (0 ≤ α,γ < 2pi,0 ≤ β < pi), U ′1(0) is
directly calculated from the expressions given in B of Ref. 26
to be:
U ′1(0) =
β0
2
(3cos2(β)− 1+ηQ(0)sin2(β)cos(2α)) (B4)
with
−ρ0 <U ′1(0)< β0 (B5)
where β0 is some positive scale factor and ρ0 = β0(1 +
ηQ(0))/2. To derive the sought-after distribution, it suffices
therefore to consider a random rotation (0 ≤ α < pi/2,0 ≤
β < pi/2) with a weight (2/pi)sinβdαdβ. Focusing on the
angular part of Eq. B4 we obtain two integrals which de-
pends on cos(2α). The first integral is obtained when U ′1(0)<β0(ηQ(0)− 1)/2 and the second when U ′1(0) > β0(ηQ(0)−
15
1)/2. The final distribution reads (z =U ′1(0))
P(z) = 2F1
( 1
2 ,
1
2 ;1;A
)(
4β0ηQ(0)(β0− z)
)−1/2
−ρ0 < z < ρ0−β0
(B6)

P(z) = 2F1
( 1
2 ,
1
2 ;1;
1
A
)(
2β0(3−ηQ(0))(ρ0 + z))−1/2
ρ0−β0 < z < β0
(B7)
with
A =
((
3−ηQ(0)
)(
ρ0 + z
))(
2ηQ(0)
(β0− z))−1 (B8)
where 2F1(, ; ;) is a hypergeometric function. The previous
probability density function is discontinuous at U ′1(0) = ρ0−β0 = β0(ηQ(0)− 1)/2.
As a first example, we consider the case of two identical
charges q1 and q2 are located at equal distances from an origin
O at which the EFG is observed, with an angle q̂1Oq2 = 2θ.
The asymmetry parameter is ηQ(0) = 3cos2 θ/(2− 3cos2 θ)
when θ = arcos(1/
√
3) < θ < pi/2. If θ is taken equal
to arcos(1/
√
5) ∼63.4˚, the angle between the two charges
is then 126.8˚and ηQ(0) = 3/7 ∼0.4286. The distribution
P(U ′1(0)), which is calculated in that way from Eqs. B6
and B7 for β0 = 0.70 (Fig. 11), reproduces then the essen-
tial characteristics of the binned distribution P(U ′1) shown in
figure 7 for the case of two charges. As explained in sec-
tion V A, contributions from fluctuations of V0 and from the
Czjzek background must however be added to account for the
details of P(U ′1).
When ηQ = 1, the components U1 and U5 cannot be dis-
tinguished, except for a scale factor, because Vxx = 0 and
Vyy =−Vzz. Therefore, the distribution P(U ′1(0)) must become
symmetric as is P(U ′5(0)) when statistically isotropy holds.
Indeed, P(U ′1(0)) reduces to
P(U ′1(0)) =
2F1
(
1
2 ,
1
2 ;1;
β0−|U ′1(0)|β0+|U ′1(0)|
)
2
√β0(β0 + |U ′1(0)| (B9)
for
−β0 <U ′1(0)< β0 as ρ0 = β0 (B10)
The latter distribution is similar to the distribution P(U ′k) cal-
culated for a single charge. Using the statistical invariance by
rotation, the variance of U ′1(0) is readily obtained to be :
〈U ′1(0)2〉=
β20
5
(
1+ ηQ(0)
2
3
)
(B11)
2. The case of a single charge
As a second example, we consider the EFG at the nuclei of
a given isotope which is determined by a single neighboring
point charge and by more remote atomic shells whose total
contribution is described by a Czjzek tensor. The V0 contri-
bution to Eq. 5 is then due to this single charge. If the charge
does not fluctuate in value and in distance from the consid-
ered atom, the total EFG is described by a single ECM (Eq. 5)
with ηQ(0) = 0. If the charge fluctuates in value or(/and) in
distance, then the EFG must be described by a distribution of
ECM, all with ηQ(0) = 0. We focus below on the distribution
of the sole local part. The effect of the addition of a small
Czjzek noise is just a smoothing of the distributions shown in
figure 12.
The marginal distributions of the components of (U′0 =
(U ′1, . . . ,U ′5)), are obtained from Eq. 9 with n = 1 for a ran-
dom distribution of θ and φ (with P(θ,φ) = 14 sin(θ)dθdφ).
The distribution of P(U ′1) is asymmetrical as expected from
the conditions given at the end of section II A and has a sim-
ple closed-form:
P(U ′1) = (3β20 + 6β0U ′1)−1/2
(
− β0
2
<U ′1 < β0
)
(B12)
where the proportionality constant β0 is chosen here to be
positive and is related to the characteristic parameters (i.e
charge and distance) of the problem. By contrast, the distribu-
tions P(U ′k,k>1) are all identical and symmetric:
P(U ′k) =
2F1
(
1
2 ,
1
2 ;1;
α−|U ′k |
α+|U ′k |
)
2
√
α(α+ |U ′k|)
−α <U ′k < α (B13)
where α = β0
√
3/2 and 2F1(, ; ;) is a hypergeometric func-
tion. In figure 12, we represent two examples of distributions
obtained from Eqs. B12 and B13: with and without a uniform
distribution of β0 where β0 is chosen to reproduce the charac-
teristic distribution observed in our structural model (see the
binned distribution, figure 7 top right, solid line).
3. A perturbed diamond lattice
A third example deals with a diamond lattice whose atomic
positions are very slightly shifted with random displacements
derived from an isotropic Gaussian distribution. For simplic-
ity, we assume that the EFG is due to point charges located
at the lattice sites. In addition, the EFG at any site of this
perturbed diamond lattice is assumed to be essentially due to
its four first neighbors while more remote shells contribute
to a Czjzek background. We focus on the distribution of ηQ
obtained from V(ε) (Eq. 5). Indeed, although the principal
values of V(ε) have very small magnitudes, they suffice to
change significantly ηQ as it is a ratio. An expansion of the
EFG tensor in terms of the Gaussian atomic displacements
gives a zero-order tensor V0 which comes from the tetrahe-
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dral coordination of a site and a first-order EFG tensor whose
elements are centered Gaussians. This expansion yields Eq. 5
as the first-order tensor is a Czjzek tensor by itself. When
added to the background tensor, the sum is still a Czjzek ten-
sor because the sum of two independent Czjzek tensors with
parameters σ1 and σ2 is a Czjzek tensor whose parameter is
σ =
√
σ21 +σ
2
2. If all atoms are identical, V0 = 0 and the
EFG distribution is then a Czjzek distribution If two differ-
ent atomic species A and B, with different charges qA and qB
(∆q = |qA−qB|), are distributed at random on the lattice sites
with a composition AxB1-x, without any change of the atomic
positions, then the distribution of ηQ at the A nuclei is a mix-
ture of three distributions:
(i) a Czjzek distribution which comes from A atoms, de-
noted A[A4] and A[B4], which are surrounded respec-
tively by 4A atoms and by 4B atoms, with a weight
(x4 +(1− x)4) (Vzz(0) = 0).
(ii) an ECM distribution which originates from A[A3B] and
A[AB3] atoms, with a weight (4x3(1−x)+4x(1−x)3 )
and ηQ(0) = 0 (Vzz(0) ∝ 2∆q).
(iii) an ECM distribution which arises from A[A2B2] atoms,
with a weight 6x2(1−x)2 and ηQ(0) = 1, (Vzz(0) ∝ ∆q).
In (ii) and (iii), the tensor V0 and the values of ηQ(0) reflect
the symmetries of the underlying tetrahedral shell. The previ-
ous example, although oversimplified, sketches however situ-
ations which are encountered in real semiconductors. Indeed,
a recent 75As and 69Ga solid state NMR study of AlxGa1-xAs
thin films combines on the one hand experimental results and
on the other structural modeling of disorder in the Ga and
Al positions together with first-principles DFT calculations
to obtain, among others, the EFG distributions at the tetra-
hedrally coordinated As sites (Ref. 32). Knijn et al. found
that the EFG distributions at As[Al4], As[Ga4] sites are accu-
rately described by the Czjzek distribution. In addition, they
showed that the EFG distributions at the As sites As[Al1Ga3],
As[Al3Ga1] and As[Al2Ga2] are accurately described by ex-
tended Czjek distributions whose ηQ(0) are respectively 0, 0,
1 as above for symmetry reasons (Figure 13 of Ref. 32 ).
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